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This paper presents an integrated study of computational simulation (CFD) and multivariate sta-
tistical analysis aimed at optimizing the design of solar chinmeys. The Manzanares plant was taken
as a refe model it ANSYS Fluent. Based on the results obtained, eleven regression models were
explored to describe the behavior of air velocity as a function of the scale parameter, validating their
equations using statistical metrics and multivariate graphical representations. The methodology in-
cluded the innovative use of Chernoff faces to visually synthesize fifteen statistical variables per
model, thus facilitating structured comparison and identification of the most representative model.
The power-type regression model was determined to be the most suitable, as it showed the highest
degree of fit to the simulated data, theoretical consistency with the modeled physical phenomenon,
and a visually favorable expression under different scenarios. Specific equations for different irradi-
ance levels were formulated; in addition, efficiency and generated power were estimated, contrasting
the rms with previous research. The analysis was enriched by incorporating geometric variables
such as the height and radius of the chimney and collector, confirming that scale reduction signif-
icantly compromises performance. This visual-statistical approach not only validates CFD-derived
models but also introduces an intuitive and effective tool for decision-making in solar engineering.
It is concluded that Chernoff faces constitute a methodological strategy applicable to the study of
energy performance, opening new lines of research and optimized design through multivariate visu-
alization.

KEY WORDS: Solar chimneys, CFD, Multivariate statistics, Chernoff faces, nonlinear
regression
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1. INTRODUCTION

Statistics is a fundamental research tool that enables the description of phenomena and the de-
velopment of appropriate problem-solving approaches, based on inferences drawn from data
analysis. As Santos da Peiia (2017) points out, in the context of higher education, the produc-
tion of large volumes of data makes the use of rigorous statistical methods indispensable for their
processing, analysis, and interpretation.

One of the most innovative contributions to multivariate data representation was proposed
by Chernoff (1973), who developed a graphical method based on the use of faces with parame-
terized facial features. Each facial feature represents a specific quantilme variable, leveraging
the human innate ability to identify patterns in faces. His paper entitled The Use of Faces to Rep-
resent Points in k-Dimensional Space Graphically introduced an intuitive visual technique for
lm‘ing high-dimensional data, facilitating the detection of correlations and latent structures.
This approach is based on the mathematical analysis of distances, eccentricities, and geometric
proportions, making it a powerful tool for interpreting complex data.

The application of this methodology was consolidated in the late 1990s as an exploratory
graphical alternative for representing multidimensional data sets. Research such as Flury and
Riedwyl (1981) highlightathe usefulness of matrix plots as a form of visual synthesis. However,
as Olmos (1997) warned, the lack of specialized software at that time limited the development of
research employing multivariate statistical methods, particularly in the context of experimental
designg

In the field of renewable energy engineering, one of tl'nnost relevant experimental studies
was conducted by Haaf et al. (1983), who documented the construction of a solar plant in Man-
zanares (Spain) based on the greenhouse effect principle. In this system, : heated under a
collector cover, its density is reduced, and it rises through a central tower, generating a flow that
drives turbines coupled to electrical generators. Although a large amount of data was collected
in that experiment, Chernoff’s methodology could not have been applied due to the technolog-
ical limitations at that time. Currently, this situation has changed significantly. Studies such as
Cuicas Avila et al. (2007) highlight the importance of using mathematical software in education
and research. Nonetheless, as F Medina Martinez (2017) points out, many advances in areas
such as statistics are still not fully exploited in engineering research. Even so, simple geometric
propositions —for example, considering that a solar chimney is convergent if it has a cylindrical
shape and divergent if it has an inlet or outlet angle— demonstrate that geometric variables can
be evaluated parametrically using the Chernoff faces method. This allows establishing analogies
between the structural features of a solar chimney and the facial attributes of a visage, revealing
relevant patterns that mi%o unnoticed in a conventional analysis (see Figure 1).

Given that the main objective of this research is to carry out a parametric evaluation of
solar design variables under the Chernoff methodology, various indicators typically analyzed
univariately in regression models derived from CFD (e.g., air velocity, pressure, temperature,
mass flow, among others) were examined at a multivariate level. Although numerical simulations
allow solving differential equation systems that model airflow in a solar chimney, the resulting
equations must be mathematically grounded to be considered valid approximations. Analogous
to multivariate statistics, where facial features synthesize multiple dimensions of the data, it is
proposed that in solar chimney design its key variables can also be parameterized to optimize
the system’s performance and energy efficiency.

Journal of Enhanced Heat Transfer
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Figure 1: Relationship between perception variables of solar chimney parameters and facial features.

1.1 State of the art

Since the landmark Manzanares experiment, numerous studies have deepened and expanded
knowledge about solar chimneys. The results obtained at that plant continue to serve as a funda-
mental reference to validate current research and advanced numerical simulations in mechanical
design. Xu and Zhou (2018) carried out solar chimney simulations in order to evaluate their per-
formance through a parametric analysis of the relationship between the inlet and outlet areas of
the tower. Their findings indicated that adjusting these geometric areas can significantly improve
the system’s energy efficiency, providing a solid basis for the mathematical study of the involved
parametric equations.

This approach was supported by Hu et al. (2017), who demonstrated that solar chimneys
with different inlet and outlet areas outperform conventional cylindrical configurations, such as
the Manzanares design. Their study reported a greater potential in terms offEflergy generation,
mass flow, and electrical output, influenced b geometric variables such as the area ratio and
the height-to-radius ratio of the collector. These results were validated by comparing CFD simu-
lations with experimental data, revealing nonlinear behavior and setting an important precedent
for future research on non-cylindrical solar@#fimneys.

In a complementary manner, Mebarki et al. (2022) conducted a CFD analysis focused on
the optimization of solar power plants with chimneys, emphasizing that reducing the scale fac-
tor in the geometric model has a direct impact on energy generation. Their study suggests the
possibility of implementing these structures in urban areas as a sustainable alternative. Similarly,
Murena et al. (2022) established correlations between air velocity and environmental parameters,
highlighting the strong dependence of velocity on solar irradiance and temperature. Both studies
agree on the need for rigorous theoretical analysis, validated by CFD simulations, to improve
the performance of these systems.

In the Peruvian case, the country of origin of the authors of this research, only one relevant
experimental precedent has been identified, developed by Velazco Lorenzo and Butler Blacker
(2022). That study consisted of the construction of an academic solar-wind chimney model for
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energy supply in a university facility. Although it was oriented towards photovoltaic energy,
the work demonstrated technical feasibility on a small scale; however, it did not incorporate a
parametric analysis or an exhaustive mathematical treatment of performance variables.

This gap in the national literature justifies the application of an innovative methodology

based on multivariate visualization using Chernoff faces, aimed at complementing existing CFD
approaches. In this context, the present research seeks not only to improve solar chimney perfor-
mance but also to facilitate the understanding of multiple physical variables inherent in Compu-
tational Fluid Dynamics, through an accessible visual tool.

Likewise, it is proposed that the optimized design of solar chimneys can become, in the
long term, a viable and sustainable alternative in the face of climate change effects. This is
particularly relevant for regions such as Lambayeque, where the coexistence of extreme climates
significantly affects vulnerable populations. Therefore, this study provides a substantial added
value by integrating the statistical and mathematical analysis of equations derived from CFD
with a visual and multidisciplinary approach based on the use of Chernoff faces. The decisions
made within this methodological framework are not only grounded in numerical evidence but
also in the visual interpretation of patterns through facial features, which adds a unique cognitive
and exploratory dimension to the analysis and improvement proposals.

1.2 Mathematical model

The behavior of fluid flow can be understood by tracking the displacement of each of its particles
as a function of position. However, this approach is often tedious, so an efficient alternative is

to study the velocity of the fluid, denoted as V = (v, vy, v ), where V = ‘{JT': %’ 3—;‘ . The
determination of these velocity components requires solving the differential equation of mass

conservation in Cartesian coordigates, where p is the dens

dp  dpu, | dpu, | dpu,
_ + -
ot ox dy 0z
This equation can be expressed more compactly as:

dp
it

=0

L divpV)=0
13

Due to the geometry of the solar chimney, it is convenient to transform this equation to cylindrical
coordinates (r, 0, z):
I3/ 1 d(prv 10 J
_p+ 2 (proy) m L (pva) m d(pv:) _
at " r  dr r 90 0z

Bwrc p 1s the fluid density and v = (v, ve, v ) is the velocity in the cylindrical system, with
vy, Vg and v, representing the radial, angular, and vertical components of velocity, respectively.

0

In a solar chimney, it is generally assumed that vg = 0. By rearranging, the continuity equation
is obtained:

at az ro O
The momentum equation in the radial direction, with p as the dynamic viscosity and p as the

dp | dpv.) +1('?(pm) -0

pressure, is:

iap d (1 drv,.) Pu. v, . dv.  du,
P9~ Br +u({')r (1‘ ar )T a2 T w) TP\ TR T
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The momentum equation in the vertical direction is:

ap 1a { dv. Fu.\ v, v, v,
PQ‘E“‘(;E (’"T Tz )T\ T T

Replacing the components (v,.,v.) for the calculation of temperature T" and considering the
radiative heat flux vector ¢, in the energy equation, with A as the thermal conductivity and ), as
the specific heat:

HC) 10y A0Ct) L () 0 ()
at +r6r(prcph'{)+ dz T ror A(’?r oz A(’)z div(g)

This equation, along with the continuity equation, can be reformulated in terms of temperature
and pressure to compute the total energy per unit mass £
dpE)
ot

+ V- (pvE +vp) =V - (AVT) —div(g,)

where S represents source terms. In the case of a solar chimney, the parametric research focuses
on the vertical component of velocity v .
5

1.3 Classical formulas for the efficiency and performance analysis of a solar
chimney

The classic formulas for evaluating the efficiency and performance of a solar chimney are based
on the definitions of pressure and volumetric flow rate. Pressure is determined by solving the
system of partial diﬂél‘eutiequations presented in the momentum equation in section 1.2, On
the other hand, volumetric flow rate is calculated from the mass flow rate.

Mass flow, denoted by 7, represents the amount of mass lranspﬂrle(ﬂ]mugh a cross-section
of the system per unit time. Ttmow 1s related to the fluid density (p) and the volumetric low
rate (V). The volumetric flow rate is defined as the ratio of the mass flow to the fluid density:
V = mfpf

For the wer output considering the pressure drop rate in the turbine (), the formula used
is

P = Tjgurpx /1 — XApp:)!rn V (n

where M 1s the turbine m:ieﬂcy,  is the pressure drop rate across the turbine, Appmm is the
potential pressure, and V' is the volumetric flow rate.
If the parameter y is not considered, the power is calculated with the formula:

P = Mtur F)A}n!mb v (2)
where Apy,y, 1s the static pressure difference across the turbine, and the rest of the parameters
are as previously described.

The values necessary for these calculations, extracted from the studies cited in section 1.3,
have been used as the basis for this analysis. These data, along with the methodology and results
described by the mentioned authors, have been fundamental for evaluating the efficiency and
performance of this research, the analysis of which is presented in section 3.
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2. METHODOLOGY

Firstly, part of the CFD methodology from the classic study on solar chimneys conducted by
Haaf at the Manzanares solar plant, previously mentioned, was replicated. Secondly, a design
methodology aimed at improving the performance of a solar chimney was developed, validating
CFD-derived mathematical formulas through facial feature analysis. For this purpose, the pro-
grams Ansys Fluent, Statistica, and R were used, applied to both the numerical and statistical
analysis of the simulations, as well as to the implementation of the corresponding procedures.

Geometric parameters o
13

The geometric parameters of the solar chimney, expressed in meters, are specified for the height
and radius of both the chimney ( H iy, and H_pp,) and the collector ( Hgecor and 7egiieciar). These
parameters were considered at full scaw = 1) and are detailed in Table 1. These values are
fundamental for the accurate modeling of the solar chimney in this study.

41
Table 1: Values of some geometric parameters of%Manz,anams solar chimney plant (adapted
from Haaf et al. (1983))

Scale (C) Hchim (m) Rchlm (m) chlleclm (M) 7ellecior (M)
Full scale (C=1, 1:1) 195 115 27 125

a Modeling and meshing

A three-dimensional model of the Manzanares solar plant in Spain, as defined in Haaf et al.
(1983), was implemented. Its cylindrical geometry and a disk-shaped collector were designed
in Solidworks and imported into ANSYS Fluent for simulation. There, a tetrahedral mesh was
used (see Fig. 2), specifying certain boundary conditions necessary to initiate the simulation,
along with other parameters entered in the program such as the density (p = 1.103 kg/m®) and
the ambient pressure (93.9 kPa), respectively.
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Figure 2: Modeling and meshing applied in the CFD analysis.

Journal of Enhanced Heat Transfer




Parametric CFD analysis using Chernoff faces 7

2.3 Boundary conditions
The following boundary conditions were set in Ansys Fluent:

o Wall:

— Collector roof: Thermally insulated.
— Chimney surface: Thermally insulated.
— Transition section from collector to chimney: Thermally insulated.

~ Ground (effective heat flux = efficiency x irradiance): 0.294 x 850 = 250 W/m?,
e Inlet:

— Collector inlet (no difference from ambient atmosphere).
— Gauge pressure: 0 Pa.

— Ambient ground-level temperature: 296.65 K (23.5°C).
+ Outlet:

— Chimney outlet (no difference from ambient atmosphere).
— Gauge pressure: 0 Pa.

— Ambient ground-level temperature: 296.65 K (23.5°C).
« Ventilation (Turbine):

— Pressure drop (Apy):
* For simulated data: None (0 Pa).
# For actual data (Validation): Non-zero (82.9 Pa).

— Height at which it is located: 10 m.

2.4 Simulation parameters

After inputting the boundary conditions and performing the first simulation, the Rayleigh num-
ber was theoretically calculated using the formula

b 3 AT
Ra=—gH —.
a

col
U

where v. and AT were obtained as the maximum temperature difference from the simulation
across the entire system geometry, and b and a are the expansion coefficient and thermal diffu-
sivity, respectively. The resulting Ra was found to be greater than 1000, indicating that the flow
was turbulent, a crucial consideration to reformulate the conditions of subsequent simulations.
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2.5 Physical-mathematical model underlying the simulation

The foundation of our methodology was based on the mathematical analysis of the parametric
evaluation of the theoretical CFD variables. This analysis was structured in the following points,
which constitute the pillars of the consistency of our framework:

1. Parametric formula of the continuity equation: It is known that hydrostatic pressure
is a physical formula that describes the behavior of fluids in equilibrium under gravity,
linking it to the fluid density (p) auac height (H) in the form /> = pgH. The velocity
considered in the model (v, or v;) is the velocity in the radial direction (at the base or
at the top of the chimney, respectively), i.e. lheed at which a point on the surface of
the cylinder is moving toward or away from the central axis (positive if moving outward,
negative if moving inward). It is also known from the continuity equation that the vol-
umetric flow rate is constant at any cross-section of the duct. Therefore, A;vy = Asvs.
aaplied to the solar chimney, A;v; = Ayv,, which can be written in terms of the ratio of
the top and bottom surface areas of the chimney, allowing the parameter T = %: to be

defined as:
Uk

vy

=7 3
. “Driving potential” A P: Known as the driving potential in a solar chimney, this poten-
tialis a "driving” force for airflow from the collector inlet to the top of the chimney, and it
essentially measures the pressure difference between the atmospheric pressure at ground

[

level and the static pressure of the hot air stream at the base of the chimney (see Krioger
and Blaine (1999) and Tingzhen et al. (2006)):

AP =P - D, €Y
Assuming constant air density and no pressure drop throughout the chimney, the static
pressure at the base can be obtained using Bernoulli’s equation:

P+ %pyﬁ + pgHy =const = const = P + %pvﬁ.
Similarly, at the top:
const = Py + %pi)f + pgH;.

Equating constants:

1 1
Py+ 505 =P+ 5p1; +p-g- Hy 5
Substituting Py = Fy — ppgH i and rearranging yields:
1
AP = (py— 0)- g Honim + 50(v5 — 7). ®)

. a . ey .
Factoring vy, in the difference, we obtain:

2
AP = (po— p)gHenm + 3007 (] - (7) ) ‘

Using the continuity equation (3), this can be written in terms of height, base velocity,
and the ratio T:

] 2 -2
AP = (po—p) g Henim + ;0(“5)“ - (7)) (M
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This indicates that AP increases with higher base velocity and higher T (for T > 1),
motivating the parametric investigation of T. Since the Manzanares plant is cylindrical
(t = 1), the second term vanishes, and classically:

AP = (py—p) g Honim (8)

3. Parametric study of non-cylindrical chimneys: A solar chimney is called convergent
(cylindrical) if it has zero inclination angle (top left in Fig. 1), and divergent if it has a
nonzero angle. The divergence is classified as fully divergent (top right), inlet divergent
(bottom right), or outlet divergent (bottom left). When a chimney is divergent (t > 1),
the dynamic pressure at the base has a greater impact, so the pressure difference heavily
depends on the base velocity, regardless of the outlet. It is concluded that as T increases,
density and velocity are the variables that most influence the pressure variation, thereby
increasing the chimney’s efficiency. If the velocity is below 1 m/s, any increase in power
is not significant for equation (7), no matter how large T is; the increase depends on
the density p, which is small for air. Thus, it is observed that for a solar chimney to
be efficient, v, > 1 m/s must be considered, seeking feasible locations. This justifies
the focus on localities in the Lal_veque region such as Olmos and Incahuasi, where
average wind speeds are about 2.5 m/s and 4.8 m/s, respectively, with minimum values
around 1.492 m/s, which, as discussed, allows performing the parametric study of solar
chimneys since they exceed 1 m/s. The data were obtained from POWER NASA Project
(2024), NASA Langley’s Prediction Of Worldwide Energy Resources (POWER) project.

2.6 Selection of configurations and justification of the simulated design

The selection of the 30 solar chimney configurations used in this study is based on scientific
precedents that support the use of parametric analyses and computational simulations (C to
evaluate the energy performance of these technologies. Haaf’s pioneering study. focused on the
Manzanares pilot plant, is a key reference as it explored geometric combinations under various
environmental conditions through physical and numerical simulations. Subsequent investiga-
tions, such as those by Cuce and Murena, also validate this approach, employing between 20 and
50 configurations to characterize the system’s behavior, which supports the sample size adopted
in this work. Likewise, Xu’s study showed that unconventional configurations can achieve no-
table performance, while Mebarki demonstrated through CFD that geometric simplification can
preserve the model’s explanatory power regarding the system’s thermal behavior. These evi-
dences reinforce the relevance of considering multiple geometric scales as part of the experi-
mental design. Based on these precedents and considering criteria of computational efficiency
and representativeness, a set of 30 simulations was defined, structured by 6 scaled geometries
combined with 5 levels of solar irradiance. From a statistical perspective, this number of config-
urations is reasonable for estimating aggregated system pal’aum since, under assumptions of
independence between simulations and asymptotic normality, the Cen
approximating the distribution of the system’s average performance by a normal distribution,
even if the original distribution of the simulated responses is not normal. This property pro-
vides an additional basis for comparative analysis and inference on the average behavior of the
simulated solar chimneys.

imit Theorem allows
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Figure 3: Results obtained from the replicated simulation of the Manzanares experiment for velocity with
ascale factor of ¢’ = 1 and an irradiance of W = 1000 W/m?.

2.7 CFD simulations in Ansys Fluent

In order to better capture small-scale effects independent of length and time scales, the k-¢ tur-
bulence model was chosen. This required configuring the model in Ansys Fluent (whose routines
were already implemented, smflenter et al. (2021)). The interaction between air velocity and
pressure was examined using the finite volume method for discretization and computation of the
unknowns in the continuity, momentum, and energy equations, particularly velocity. For pres-
sure calculation, a m)nd-erder one-dimensional Taylor series for Ap was used with a manual
adjustment defined as Ap(v) &= Ap(0)+ Ap'(0)v+ AP;(O) v, under the boundary conditions of
section 2.3, with zero initial values for pressure and its variation with constant acceleration given
by Ap(0) =0, Ap'(0) = 0, Ap”{0) = p. These basic assumptions for a solar chimney (Ansys
Fluent Inlet) led to the simplified Bernoulli formula Ap = %pu2 used in Murena et al. (2022)
(Ansys Fluent Outlet). These manual adjustments were implemented in Ansys Fluent through

the “user-defined function” option, setting a convergence criterion of 10~® and working with an
air inlet velocity to the collector of 1.3 m/s, based on the good results obtained by that author for
the Manzanares simulation.

Finally, after performing simulations at 6 different scales €' = 27" withn € {1,...,6}
(see Table 2), a database was generated. It is noted that the results obtained by our simulation
(illustratively for velocity, see Fig. 3 right) are quite similar to those obtained by Mebarki et al.
(2022). From the extreme values associated with each plot at different scales, data were manually
collected for comparison (e.g., 15.97, 11.60, 8.597, 63.03, 46.84, 39.62), data which are not
shown in that work (Fig. 4, left-right, top-bottom, respectively). These can be freely seen in
Fig. 3 (left) and verified via the database attached to the error plots for velocity and parameters
k and ¢ (Fig. 5).

2.8 Implementation of the CFD-based methodology using ANSYS Fluent

The data records obtained from a selection of results of various physical variables involved in
the simulations carried out in ANSY'S Fluent were subsequently processed in the R environment.
For this analysis, curvilinear estimation methods were used, considering the parameter scale as
the independent variable and the velocity values obtained from the simulations at different solar
irradiance levels as the dependent variables.

Journal of Enhanced Heat Transfer




Parametric CFD analysis using Chernoff faces 11

A total of 11 regression models were evaluated: linear, quadratic, cubic, logarithmic, com-
pound, growth, exponential, S-shaped, inverse, and power. For each model, the constants asso-
ciated with the respective regression equations were estimated, as well as their graphical repre-
sentation, which allowed a visual and statistical comparison of the fit of the simulated data. In
addition, the main statistical indicators for each model were calculated and reported, including
coefﬁciem of determination (Ir'z), the standard error of the estimate, and the ANOVA test,
in order to evaluate the overall significance of the fitted model. This analysis made it possible
to select the models with the best explanatory capability based on the behavior observed in the
numerical simulations,

2.9 Parametric evaluation using Chernoff Faces

In this study, the Chernoff Faces methodology was implemented as a graphical tool to represent
multivariate interactions in the design of solar chimneys. This technique allows assi
merical values of different variables to facial features of a schematic face, thereby
the visual interpretation of complex configurations.

ning nu-
acilitating

Fifteen facial features were considered, each linked to a different variable, following the
coding "RF:” (Facial Feature 7). The features used were: face width (RF1), ear height (RF2),
upper-face height (RF3), upper-face width (RF4), lower-face width (RF5), nose length (RF6),
vertical position of the mouth (RF7), mouth curvature (RF8), mouth length (RF9), eye height
(RF10), distance between the eyes (RF11), eye tilt (RF12), pupil eccentricity (RF13), eye diam-
eter (RF14), and pupil position (RF15).

2.10 Association of statistical variables to facial features

Fifteen statistical variables were considered, grouped into three categories: summary variables,
variables derived from the analysis of variance (ANOVA), and variables associated with the
regression model coeflicients. These variables were sequentially assigned to the fifteen facial
features (RF1-RF15) defined earlier, respecting a direct correspondence of the form RFi «
Vi. This systematic correspondence between statistical variables and visual features enabled
generating graphical representations capable of synthesizing the observed multivariate patterns,
thus facilitating both the comparison between models and the identification of optimal design
profiles for solar chimneys.

The summary variables included the coefficient of determination R? (V1) and the standard
error of the estimate (V2). The variables related to the analysis of variance were: the sum of
squares of regression (V3), the sum of squares of the residual (V4), the degrees of freedom of
the regression (V5), the mean square of regression (V6), the F statistic (V7) and its significance
level (V8). Finally, among the variables related to the model coeflicients were considered: the
model constant (V9), the first coefficient of the model (V10), the standardized Beta coefficient
(V11), the t-statistic for the constant (V12) and for the variable (V13), and their corresponding
significance levels (V14, V15). This systematic assignment allowed generating Chernoff faces
where each facial attribute encoded a different statistical aspect of the regression models, en-
abling intuitive visual comparison.
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Figure 4: Mlustrative graph of the simulation results by Mebarki for velocity across six different scales,
used for the collection of extreme values for comparison purposes.
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Figure 5: Error plot for the velocity variable and wrbulence parameters k and ¢, derived from the replicated
CFD simulation of the Manzanares experiment at ¢ = 1 and W = 1000 W/m”>.
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Chernoff Face Definition

Facial Feature Default / from o Variable

Chemoff Face Patterns
#1:R Value v

#2 Standard Emror of

<

1. face width .6 02 0.7
[ B E| ceuiem 05 035 065

Nose || 3 halfface haight 0.5 05 1 #3 Regression Sum
4 icity of upper face 05 05 1 #4 Residual Sum of. ~
Mouth —| 5. eccentricity of lower face 1 05 1 #5: Degrees of Fraec
6. length of nose 0.25 0.15 04 #6: Mean Square oft
Eyes 4‘ 7. position of center of mouth 05 0.2 08 #7-F Value ~
i -4 4 i #8: Significance v

Eyebrows B curvature of mouth 4
05

9. length of mouth #9: Standard Emor of

Bupils —| 10. height of center eyes 0.1 o 03 #10: Standard Eror ¢

<

<

11. separation of eyes 0.7 03 08 #11: Standardized By ~

12 slantofeyes 05 0z 06 #1Z tValue ofthe Co

13. eccentricity of eyes 0.6 04 08 #13:tValue ofthe Inc ~

14 halFlength of eye 05 0z 1 #14: Significance of il

J U 15. position of pupils 05 02 08 #15: Significance oftl +

16 haight of aysbrows 08 08 1 v

17. angle of eyebrow 05 o 1 v

- 18. length of eyebrow 05 03 1 v

P 19.radius of ear 05 01 1 ~
Original image

20. nose width 0.1 0.1 02 v

Figure 6: Facial attributes of Chernoff Faces mapped with statistical analysis variables for regression model
selection in the parametric study of solar chimneys.

3. RESULTS

3.1 Regression results obtained in R

The statistical results derived from the numerical simulations performed in ANSYS Fluent were
processed in the R environment, applying curvilinear fitting with a tolerance of 0.0001. Eleven
regression models were evaluated, with the axial velocity (v;), referred to in this study as Vi,
selected as the dependent variable, and the system’s geometric scale as the independent vari-
able. For each model, adjusted equations were generated and relevant values from three statis-
tical blocks were extracted: the model summary, the ANOVA table, and the model coefficients.
Four models (inverse, quadratic, cubic, and power) were selected as representative to be subse-
quently compared using Chernoff face visualizations, the results of which are detailed in Tables 2
through 5. Finally, the data from the 11 models were summarized in a table structured with 15
statistical variables per model (Table 6), used as the basis for constructing the faces in the mul-
tivariate visual analysis. Although consistent results were obtained for other simulated variables
such as pressure, mass flow, and temperature, only those corresponding to V), are reported, as it
is the most relevant variable according to the literature review.
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Table 2: Statistical results of the in\'eraregressinn model obtained in R

A. Hananel et al.

Model Summary

R R? Adjusted 72  Std. Error of Estimate
0.794 0.630 0.538 2331
ANOVA

Source Sum of Squares df Mean Square F/Sig.
Regression 37.039 1 37.039 6.819/0.059
Residual 21.728 4 5432 -
Total 58.767 5 - -

Coefficients
Variable Coefficient (B) Std. Error Beta t / Sig.
1/scale -0.229 0.088 -0.794 -2.611/0.059
Constant 8.235 1.325 - 6.214 /0.003

Table 3: Statistical results of the quadlaic regression model obtained in R

Model Summary
R R Adjusted B>  Std. Error of Estimate
0.997 0.995 0.991 0.320
ANOVA
Source Sum of Squares df Mean Square F / Sig.
Regression 58.459 2 29.230 284.912/0.000
Residual 0.308 3 0.103 -
Total 58.767 5 - -
Coefficients
Variable Coefficient (B) Std. Error Beta t / Sig.
z? -7.081 1.492 -0.811 -4.748 /0.018
T 16.312 1.580 1.764 10.326/ 0.002
Constant 2.047 0.250 - 8.190 /0.004
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Table 4: Statistical results of the cubic regression model obtained in R

Model Summary

R R* Adjusted i°  Std. Error of Estimate
1.000 0.999 0.998 0.135
ANOVA

Source Sum of Squares df Mean Square F / Sig.
Regression 58.730 3 19.577 1072.970 /0.001
Residual 0.036 2 0.018 -
Total 58.767 5 - -

Coefficients
Variable Coefficient (B) Std. Error Beta t/ Sig.
z? 14.886 3.860 1.735 3.856/0.061
z* -29.069 5.737 -3.329 -5.067/0.037
T 23.903 2.078 2.584 11.501 70.007
Constant 1.606 0.156 - 10.32070.009

Table 5: Statistical results of the power regression model obtained in R

Model Summary
R R? Adjusted R*  Std. Error of Estimate
1.000 1.000 1.000 0.000
ANOVA
Source Sum of Squares df Mean Square F/ Sig.
Regression 1.858 1 1.858 1.003 x 10"/ < 0.001
Residual 0.000 4 0.000 -
Total 1.858 5 - -
Coefficients
Variable Coefficient (B) Std. Error Beta t/ Sig.
In(scale) 0.470 0.000 1.000 316760.990/ < 0.001
Constant 11.324 0.000 - 321078.645/ < 0.001

Table 6: Dataset of 11 regression models with 15 selected statistical measures for the chosen
variable (velocity 17,,)
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Figure 7: Chernoff Faces for the 11 regression models in Scenario 1: expression of dissatisfaction.

3.2 Model selection using Chernoff Faces

A visual analysis using Chernoff Faces was applied to identify the most suitable nonline:
gression model among eleven candidates: linear (C1), logarithmic (C2), inverse (C3), quadratic
(C4). cubic (C5), compound (C6), power (C7), S-curve (C8). growth (C9), exponential (C10),
and logistic (C11). The selection was based on the highest correlation coefficient values (/)
and the generated facial representation, which allowed discarding eight models and focusing the
evaluation on the three most promising ones.

3.3 Validation and permutation of variables

To address potential biases in the visual representation, permutations were performed in the
assignment of variables to facial features, analyzing three scenarios: default configuration (Fig-
ure 7), features expressing overconfidence (Figure 8), and features reflecting emotional stability
(Figure 9). The final selection was based on the intersection of the “best faces™ across the three
contexts.

The criteria considered included error deviation, sum of squares (regression and residual),
degrees of freedom, mean square, F-value and its significance, as well as standard errors and
t-values for both the constant and the independent variable, standardized Beta coefficient, and
associated significance levels.

Journal of Enhanced Heat Transfer




Parametric CFD analysis using Chernoff faces 17

Icon Plot
self-confidence 20v*12c

/_\ o) . ” ., — faceiw =R Value
o] { / F’ —— halfface/h = Regression Sum
Y \ - y of Squares

-:/‘ upface/ecce = Residual Sum of
Linear Logarithmic Inverse Quadratic @EI';::Q facc = Degreas of

Freedom of the Regression
nosell = Mean Square of the
Regression
—— mouth/cent = F Value
mouth/curv = Standard Error
of the Estimate
—— mouth/l = Standard Error of
the Constant
eyes/h = Standard Error of
the Independent Variable
eyes/sep = Standardized
Beta Coefficient
eyes/slant = t Value of the
Constant
eyesf/ecc = t Value of the
Independent Variable
eyes/l = Significance of the
Constant

Power S-curve

Growth Exponential Logistic

Figure 8: Chernoff Faces for the 11 regression models in Scenario 2: expression of self-confidence.
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Figure 9: Chemnoff Faces for the 11 regression models in Scenario 3: expression of satisfaction.
Based on this cross-evaluation, it was concluded that the most robust and consistent regres-

sion model was the power model, represented in Figure 10, as it displayed the most favorable
facial features across the three visual scenarios considered.
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Figure 10: Chemnoff Faces: the power model as the strongest candidate across all three scenarios.

3.4 Statistical confirmation of the selected model

Table 7 presents the coefficients estimated in R for the pﬂ-nl' regression model, which achieved
a perfect fit on the simulated data. The final equation for air velocity (V},,), as a function of the
geometric scale ('), was defined as:

Vi = 14177 - CU45 (mys)

This expression matches very closely the one proposed by Mebarki et al. (2022), who ob-
tained for an irradiance of 1000 W/m? the equation V;,, = 14.17- (0415 . reinforcing the validity
and replicability of the present model.

Table 7: Estimated coefficients in R for the power regression model

Variable B Std. Error  Beta t / Sig.

Constant ~ 14.177 0.000 1.000  273733.089 <0.001
In(C’) 0416 0.000 1.000  238800.033 <0.001

3.5 Independence from chosen scenarios in model selection

To confirm that the choice of model was not solely dependent on the proposed visual scenarios,
the database was standardized and a new analysis using Chernoff Faces was performed. This
new scenario focused on faces representative of “statistical normality” (friendly appearance), as
shown in Figure 11. In this context, the most favorable models were the fifth (cubic) and the
seventh (power), although the fourth (quadratic) could also be considered acceptable.
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Figure 11: Chernoff Faces: confirmatory analysis with standardized dataset.

Given the visual similarity between the faces corresponding to models 5 and 7, both were
individually analyzed without standardization. Considering that the most influential variables in
a regression model are usually significance and K value, a permutation was performed excluding
both variables to observe the impact of the remaining parameters. This strategy is supported by
Chrobak et al. (2017), who suggests that “when only a few variables are considered, particular
attention must be paid to which facial features are changing.” In Figure 12, it is evident that even
without considering these two key variables, model 7 (power) continues to present the most
balanced face, confirming its robustness as the selected model.
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Figure 12: Chemoff Faces: second confirmatory analysis without standardization or key variables.
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3.6 Validation of selected model by Chernoff faces

A normality test was applied to the differences between the predictions of the cubic and power
models. The Shapiro-Wilk normality test yielded a value of W = 0.851 with p = 0.162, indicat-
ing that the differences follow a normal distribution. The paired sample Pearson correlation was
extremely high (r = 0.9999, p < 0.001), indicating an almost perfect correspondence in the pre-
diction patterns without implying exact collinearity. A paired samples t-test yielded t = —1.147
(reported as [t| = 1.147) with p = 0.303, indicating that there are no statistically significant dif-
ferences between the means of the two models. Together, these results support the statement that
both models are statistically equivalent in predictive capacity. However, the power model was
chosen for its greater functional simplicity, its theoretical coherence with the physical behavior
of the phenomenon, and its more balanced visual representation according to the Chernoff faces
methodology.

Table 8: Summary of normality, correlation, and paired t-test for the cubic and power models
with respect to the velocity variable at 1000 W/m? irradiance

Test Statistic  Sig. (p)
Shapiro-Wilk normality test 0.851 0.162
Paired sample Pearson correlation (r)  0.9999 <0.001
Paired t-test {Student’s t) 1.147 0.303

3.7 Theoretico-experimental validation
The validity of the obtained power regression model is reinforced by comparing it with the
equation reported by Mebarki et al. (2022), who, using experimental data from the Manzanares
solar plant, proposed a similarly structured model for the air velocity variable. However, that
study does not detail the methodological criteria or statistical basis that justify the selection of
their model. In contrast, the present study has incorporated a combined theoretical-statistical
approach that rigorously grounds the selection of the most appropriate regression model.

3.8 CFD equations with statistical justification

As a result of the statistical analysis of the simulated data under different il’ﬂiance conditions,
the power regression equation was found to best represent the behavior of the air velocity variable
(Vi) as a function of the scale parameter (C') in a solar chimney. The expressions found for five
different irradiance levels (W) are stated below:

T = 1417 C%45 W = 1000 W/m?

13.45 . ¢ W = 800 W/m®

= 1287 C" W = 600 ffm” 0
T = 12240048 W = 400 W/m®

i = 11320470 W =200 Wim®

m

S S=S==
I

These expressions are not only consistent with the physical principles governing fluid dy-
namics in solar chimneys, but have also been validated through both statistical and visual con-
trast using Chernoff Faces.
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3.9 Graphical comparison of models

To reinforce the previous findings, a graphical comparison is presented of the velocity curves
obtained from the power regression for different irradiance levels. Figure 13 shows the results
generated using R, accurately replicating the characteristics reported in the literature. Mean-
while, Figure 14 displays the original results obtained by Mebarki et al. (2022).
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Vyon = 12.242C
== \iggg = 12.872C
= Vi =13.456¢"""7
- W= 14.177C7"
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Figure 13: Results replicated using power regression: Air veloeity (V/,,) as a function of scale factors (C7),
under five different solar irradiance levels.
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Figure 14: CFD results from Mebarki et al. (2022): Air velocity (Vin) as a function of scale (C), at six
irradiance levels.
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3.10 Efficiency and performance results .

39
Based on the velocity values obtained in the previous section, the power output of the system
was calculated using the mathematical models developed in section 1.3. Using experimental
data from Xu and Zhou (2018), a mass flow of mh = 987.50 kg/s (according to MFR in Table
5) and an air density of p = 1.103 ng'fmg (according to Table 3) were considered, which allows
calculating the volumetric flow as:

o 98T.50kess

=2 895.29 m’ /s 10
P 1103 e/t m/s ao

For the calculation of power output under different conditions, the following configurations were
used:

* Using the geometric efficiency parameter y (Eq. 1): The turbine efficiency was taken
as Ny = 0.83 (see Haaf et al. (1983), p. 153), ¥ = 2/3 (Table 3 in Cuce et al. (2020)),
Appoten = 68.32 Pa (TPP according to Xu and Zhou (2018)), and V obtained above. The
resulting calculation is:

2

bl
P=083 (=2 f]- Z) . 68.32.895.29 ~ 19.5 kW.
3) 3

This value matches that reported in Table 5 of Xu and Zhou (2018), confirming the con-
sistency between the proposed model and the simulated data.

+ Without considering the parameter y (Eq. 2): Ap,,y, = 82.9 Pa (Table 3 in Xu and
Zhou (2018)) was used and V' = 574.07 m’/s. The power was obtained as:

P =0.83-82.9.574.07 ~ 39.5 kW.

This result approximates the ideal experimental power (40 kW) and improves the experi-
mentally recorded value at the Manzanares plant (36 kW) according to Haaf et al. (1983),
demonstrating the effect of the parameter y on the overall system efficiency.

3.11 Summary of Results

1. The usefulness of the Chernoff Faces approach was confirmed as a complementary tool
in multivariate analysis, allowing for the structured and visual interpretation of complex
mathematical models.

2. For the key variable in this study, air velocity (1/,). it was observed that—regardless of
the irradiance level—the inverse regression model consistently performed the worst. In
contrast, the quadratic, cubic, and power models demonstrated superior predictive fit, as
illustrated in Figures 3, 4, and 5, respectively.

3. The findings demonstrate that integrating Chernoff Faces with traditional statistical and

simulation tools constitutes an innovative and effective methodological strategy for the
evaluation, validation, and optimization of solar systems.
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4. DISCUSSION
4.1 Comparison of results

Results from the original paper Xu and Zhou (2018):

1. Velocity, pressure difference, mass flow, efficiency, and electric power decrease as the
scale factors () are reduced.

2. Empirical equations were proposed to model the changes in variables such as air velocity,
pressure, temperature, mass flow, and electric power as functions of different reduced
scale factors relative to a reference solar plant.

Results of the present study:

1. It is confirmed that performance systematically decreases with scale reduction, in agree-
ment with previous findings.

3]

. Unlike previous work, a robust stati is provided that justifies the selection of re-
gression models —especially power-type— to model air velocity, pressure, temperature,
mass flow, and electric power as functions of the scale parameter.

4.2 General summary of findings

The present work expanded the classic approach by incorporating multivariate and visual anal-
ysis with Chernoff faces, as well as statistical validation through permutations and contrasts. In
particular, three different visual configurations and multiple statistical scenarios were analyzed
to evaluate the robustness of the selected model. The power regression model was identified as
the most suitable, not only for its numerical fit but also for its visual coherence, simplicity, and
theoretical support in the literature.

In addition, la geometric variables that had not been addressed in depth in previous research
were integrated, such as the height of the chimney, its radius, and the dimensions of the collector.
This made it possible to understand more clearly how geometric variations affect the overall
performance of the system.

4.3 Discussion on the added value of the visual approach

The use of Chernoff faces allowed graphically representing 15 performance and design variables
in a single schematic face. This approach facilitated comparison between regression models
and intuitively revealed complex patterns that could go unnoticed in purely numerical analyses.
The inclusion of permutations and variable standardization showed that the technique is robust
against configuration changes and allows the selection of models without visual biases.

When observing the generated facial configurations, it was found that scale reduction sys-
tematically worsens the visual performance of the system, highlighting the design’s sensitivity
to this parameter. This visualization corroborated the quantitative findings and reinforced the
methodological decision to integrate graphical tools with inferential statistics.
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4.4 Implications of the study

The obtained results not only provide a robust model for simulating the behavior of solar chim-
neys under different scales and irradiance levels, but also introduce a replicable methodological
approach for visualization-assisted design. This type of tool can be key to optimizing proto-
types, evaluating design alternatives, and reducing modeling errors in the preliminary stage of
solar engineering projects.

5. CONCLUSIONS

1. Mathematical models from relevant research were analyzed and the results obtained from
computational simulations based on partial differential equations in the CFD field were
replicated using a rigorous statistical approach. This procedure improved the understand-
ing of the key factors that influence the performance and efficiency of solar chimneys.

[

. Unlike more reductionist approaches, this study addressed in a broad and well-founded
way the selection of the most appropriate model, considering not only classic metrics such
as the coefficient of determination (/22) and validation via the t-test, but also integrating
multivariate graphical lc}ulsn'he results demonstrate that the use of Chernoff faces is a
robust visual and analytical tool for the evaluation and optimization of solar systems.

3. The application of Chernoff faces proved to be highly effective and intuitive for the anal-
ysis of multidimensional data in solar engineering. This technique allowed visually iden-
tifying significant interactions between variables, strengthening decision-making in the
design of solar chimneys. Likewise, the approach proposed here opens new possibilities
for incorporating advanced visualization techniques in engineering and scientific con-
texts.

4. In line with Hananel et al. (2023), it is confirmed that analysis using Chernoff faces is not
a trivial technique but a powerful methodology for revealing complex patterns through
multivariate visualization. By showing that it 1s more effective to condense multiple vari-
ables in terms of visual synthesis (instead of fragmented analyses), it is concluded that
this tool can serve as a methodological bridge between descriptive analysis and interpre-
tive synthesis. This methodological shift represents an intellectual challenge of greater
depth, aligned with the demands of advanced research.
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